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ABSTRACT
Elevated intraocular pressure is a significant risk factor of developing glaucoma. We present
a computational model of sustained delivery of ocular pressure-lowering drugs such as Timolol
Maleate to the anterior segment of the eye using drug infused contact lens while simultaneously
characterizing the aqueous humor dynamics in the anterior chamber of the eye. Transport of
Timolol from contact lens to ocular structures in the anterior segment by diffusion and
convective transport of the drug in the anterior chamber due to aqueous humor dynamics were
modeled as a transport of diluted species. Ocular structures were modeled as linearly elastic
solids, the aqueous humor flow was modeled as viscous fluid flow and their interaction was
studied using a fluid-structure interaction (FSI) model. Spatial distribution of aqueous flow
dynamics (velocity) obtained from the FSI model was coupled with a drug diffusion model to
account for convective transport of the drug. Both FSI of aqueous humor dynamics and drug
transport were assumed to be axisymmetric. The corneal limbus, the root of the iris and the
surface boundary of the lens and vitreous humor were considered as fixed boundaries in the
model. Aqueous humor production in the ciliary body was simulated as an inlet with a mass flow
rate of 5e-8 kg/s. The Multiphysics model was implemented in COMSOL 5.3. Drug transport in
the diffusion-FSI coupled model was compared to the transport characteristics of the diffusion
model with a reaction term alone for drug loss in the aqueous humor for a total duration of 10
hours. The coupled diffusion-FSI model that accounted for the aqueous humor dynamics
provided a more accurate spatial transport and distribution of the drug near the outflow facility.
The developed model may be useful to study ocular drugs and their delivery to the anterior and
posterior segment of the eye more accurately.
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1. INTRODUCTION
Glaucoma is one of the optic neuropathies in which people may lose their vision
permanently. Approximately more than 70 million people around the world have been
affected by glaucoma. [1] The leading risk factors for developing glaucoma are age, race,
elevated intraocular pressure and family history of glaucoma. Aqueous humor is a transparent
fluid like plasma produced by the ciliary body in the posterior chamber of the eye and exits
the eye through the trabecular meshwork in the anterior chamber. [2, 3] The pressure in the
anterior chamber which is a function of the aqueous humor dynamics is known as the
intraocular pressure (IOP) of the eye. Typically, IOP is in the range of 10 to 21 mmHg above
the atmospheric pressure level and helps to maintain the spherical shape of the eye, convex
shape of the cornea and thus, helps to achieve a proper optical refraction of the eye. An
elevated IOP due to imbalance in rate of production of the aqueous humor in the posterior
chamber and the rate of outflow in the posterior chamber is a significant risk factor for
developing glaucoma. [1] Further, IOP is the only proven treatable risk factor associated with
glaucoma. [4]
Two broad categories of glaucoma are open angle and angle closure glaucoma [5], where
the angle refers to the angle of clearance between the anterior surface of the iris and the
posterior surface of the cornea. In contrast to primary glaucoma (e.g. primary open angle
glaucoma POAG), secondary glaucoma refers to a glaucomatous condition that occurs
secondary to another ocular condition (e.g. secondary to an injury).
In this thesis, we have developed a computational model of drug delivery to the anterior
segment of the eye for controlling the IOP while simultaneously modeling the aqueous humor
dynamics in the anterior chamber.
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2. BACKGROUND
2.1.

ANATOMY OF THE EYE
The eye is one of the smallest organs of the human body and at the same time the structure

of the eye is very complex. It has been found that women have smaller eyes and optic disc
compared to those of men. [6] The shape of eye varies from spherical but prolate to oblate
shapes. [7] Anatomy of the eye is divided into two major segments namely the anterior
segment and the posterior segment. The anterior segment is comprised of retina, iris, lens,
aqueous humor, and ciliary body. The posterior segment is comprised of retina, sclera, optic
disk and the optic nerve.

Figure 2.1 Schematic Diagram of the Human Eye
Fig. 2.1 shows a schematic representation of the human eye. The cornea is a transparent
outermost structure that allows light into the eye [1] and provides two-third of the refractive
power of the eye. Behind the cornea, the iris controls the amount of light reaching the retina.
The lens focusses the light onto the retina. [1].
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Figure 2.2 Schematic representation of the anterior segment of the eye. Aqueous humor
pathway from the posterior chamber to the anterior chamber shown as a red streamline with
a directional arrowhead.
Fig. 2.2 shows a schematic representation of the aqueous humor flow (dashed red arrows)
in the anterior chamber of the eye. Aqueous humor is produced by the ciliary body in the
posterior chamber, passes through the channel between posterior part of iris and the anterior
part of the lens, and exits the eye through the trabecular meshwork in the anterior chamber of
the eye. [1]
2.2.

CILIARY BODY

Ciliary body is ring shaped triangular cross section located behind iris. It is an anterior
continuation of the choroid and divides the posterior chamber from the vitreous body [8]. It
has two major function, one is to produce aqueous humor and the second function is to
contract the ciliary muscle during visual accommodation. The ciliary body is comprised of
ciliary muscles, ciliary spur and ciliary epithelium. Zonular fibers, a type of connective tissue,
attaches the ciliary body to the lens. Parasympathetic, sympathetic and sensory fibers are
innervated from ciliary body and divide the anterior parts by plicata and the posterior pars
plana. [9]
Ciliary epithelium is comprised of the outer pigmented epithelium and the inner nonpigmented epithelium. The non-pigmented epithelium is metabolically active and secretes
aqueous humor actively into the posterior chamber. Ciliary muscle consists of three different
smooth muscle fiber groups namely longitudinal (outer), radial and circular (inner) fibers. The
innermost fibers deviate from the spur near periphery of the lens. During visual
3

accommodation, all muscle groups contract, and release tension on the zonule fibers thus
facilitating changes in the shape of the lens. The anterior and posterior ciliary arteries supply
blood to the ciliary body. The capillaries are surrounded by loose connective tissues known as
ciliary stroma.
2.3.

DYNAMICS OF AQUEOUS HUMOR
Aqueous humor is a clear transparent fluid produced by the ciliary body at the rate of 3µ L

per minute in the posterior chamber. [1, 10] Diffusion, ultrafiltration and active secretion are
the three major mechanisms of aqueous humor production [1] with active secretion as the
main mechanism of aqueous humor production. In the posterior chamber, aqueous humor
flows through a small channel among the iris, crystalline lens and zonular fibers. [11]
Goldmann equation describes the relationship between the inflow and outflow of aqueous
humor dynamics. [1] At steady state:
Inflow of Aqueous Fin = Outflow of Aqueous Fout
The resulting pressure in the anterior chamber due to the aqueous humor dynamics is
called the intraocular pressure (IOP) of the eye and the pressure can be measured using a
tonometer. [1] Elevated levels of IOP is a significant risk factor of developing glaucoma. [12]
Moreover, maintaining a normal IOP is essential for maintaining a proper shape (e.g.
curvature of the cornea that affects the effective refractive power of the eye) and alignment of
ocular structures. [13] Trabecular meshwork and ciliary body are two-fundamental structures
of importance related to aqueous humor dynamics of the eye.
Among the many outflow pathways, the trabecular meshwork and Schlemm’s canal form
the primary (~75% outflow) and conventional pathway for aqueous humor outflow. [1] The
alternative or secondary pathways include i) uveo-scleral pathway where aqueous diffuses
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across sclera and reabsorbed by the orbital vessels and ii) uveo-vortex pathway where aqueous
enters the choroid through the ciliary muscle and drain through the vortex veins. [14]
IOP depends on various parameters like sex, age, body mass index, blood pressure pulse,
season, and time of the day of measurement [1]. Age is one of the factors that have effect on
dynamics of aqueous humor pathways. [15, 16] Body and head position also has significant
effects on IOP like (i) higher in the inverted position over the normal body position, [17, 18]
(ii) higher in the supine sleeping position over the sitting position, [19, 20] (iii) higher in the
flat supine position over supine position with 20 to 30 degrees of head elevation, [21, 22] and
(iv) higher in the prone sleeping position over the supine position. [23]
2.4.

PROCEDURE FOR CONTROLLING IOP

Ocular hypertension is a condition marked by an elevation in the intraocular pressure of
the eye. A normal IOP defined according to practicing ophthalmologist and optometrists is
between 10 and 21 mmHg. [24, 25] The dynamics of intraocular pressure is also dependent on
the systemic conditions such as the heart rate, respiration, usage of ocular topical drugs, fluid
intake and relevant systemic medication (e.g. hypo / hypertensive medications).
Among the several ophthalmic surgical procedures, trabeculectomy is one of the most
common and generally successful surgical procedures available for treating ocular
hypertension. Selective laser trabeculoplasty (SLT) is another effective laser therapy for
lowering IOP problem. [1] Ex-PRESS implant with phacoemulsification method is considered
as a safe and effective treatment for IOP disturbance. [2] Another popular method is a laser
iridotomy surgical procedure used for controlling IOP as the initial treatment for primary
angle closure and open angle glaucoma. [26]
Topical medication such as ocular eye drops are one of the common, convenient, and least
invasive methods available for controlling an elevated IOP level. In this thesis, we
5

specifically investigate the delivery of a commonly accepted ocular topical medication
Timolol Maleate.
It must be noted that glaucoma also is exhibited under normal or even lower IOP. Such
conditions are referred to as normal tension or low-tension glaucoma. Irrespective of the
pressure level, IOP control is the only proven strategy for managing a glaucomatous
condition.
2.5.

TIMOLOL MALEATE
Timolol belong to a class of drugs known as beta blockers that target the beta receptors in

the target cells / tissue. Timolol lowers the IOP by lowering the rate of production of aqueous
humor. Since its introduction for treating glaucoma in 1978, Timolol remains a common and
effective medication for lowering IOP. [27-29] In this thesis, we have developed a
computational model for delivering Timolol to the anterior segment of the eye using drug
infused contact lens.
The topical use of the 𝛽𝛽-blocker drug has no effect on visual acuity, pupil size, ocular

irritation, blood pressure or pulse rate while successfully lowering the intraocular pressure. It
is reported that the molecular mechanism of Timolol has lower efficacy at night time hours.
Timolol is more effective in human eyes than in animal eyes. Studies have showed that
timolol works less effective for black patients compare to non-black patients. [30] Though it
has some side effects, timolol has been studied, well characterized, and remains as a viable
treatment option for lower IOP in glaucoma.
2.6.

MATHEMATICAL MODELING OF AQUEOUS HUMOR DYNAMICS AND DRUG DELIVERY
In this section, we present the mathematical background for modeling drug delivery

through diffusion and for modeling aqueous humor dynamics using structural dynamics, fluid
flow and fluid-structure interactions. The following subsections provide background for the
6

corresponding mathematical governing equations using Einstein notation or index notation. A
brief review of the index notation followed is given in the Appendix.
2.6.1. Mathematical Governing Equation for Fluid Flow

Figure 2.3 Infinitesimal element in the physical domain of dimension dx × dy × dz used to
derive equations governing the underlying the continuum physical behavior of the system
Consider an infinitesimal element in the fluid domain as shown in Fig. 2.3. The
momentum equation governing the motion of the fluid element is given by the Newton’s
second law as




∑ F = (m v )
where,



∑F

(2.1)

,t

represents the total forces acting on the fluid element;

m is the mass given as m = ρ dv where ρ is the density of the fluid and dv is the
volume of the fluid element; and

m v is the momentum of the fluid element.
First, we consider various forces acting on the fluid element (left hand side of equation
2.1). Specifically, we consider the body forces and the surface forces acting on the fluid
element.
Body forces represent the forces acting on the body or the fluid inside the infinitesimal
element. For example, gravitational force acting on the whole fluid element is given as
7




Fa = m g where g represents the gravitational acceleration. Let, f represent the net body
force per unit mass.


∴ Net body force in the element dv = ρ f dv
The net surface force acting on the fluid element comprises of pressure exerted on the
fluid element by neighboring fluid elements and frictional forces who magnitude depends on
the viscous properties of the fluid. The pressure acting on the fluid element is orthogonal to
the surface of the fluid element.
Net x -component of the pressure = − P,x dv
where, P,x is the pressure derivative in the x direction.


Let, τ xx be the component of the surface stress acting in the x direction on the face baef


of the fluid element oriented along the − x direction. With τ xx , x as the rate of change of the

stress component τ xx in the x -direction,

Net surface stress on the faces baef and cdhg in the x direction = τ xx , x dxdydz

Similarly, the surface stresses in the x direction on the faces bcgf and adhe as well as on

the faces fghe and bcda can be estimated.

The net surface force in the x direction

∑F

x


=
− P, x dv + τ xx , x dv + τ yx , y dv + τ zx , z dv + ( ρ f ) x dv

Similarly,


The net surface force in the y direction

F
=
−
P
dv
+
τ
dv
+
τ
dv
+
τ
dv
+
(
ρ
f
) y dv
∑ y ,y
xy , x
yy , y
zy , z

The net surface force in the z direction

F
P
dv
dv
dv
dv
(
f
) z dv
=
−
+
τ
+
τ
+
τ
+
ρ
∑ z ,z
xz , x
yz , y
zz , z
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 τ xx τ xy τ xz 


Let, Cauchy stress tensor τ =τ yx τ yy τ yz 
 τ zx τ zy τ zz 


Surface stress tensor σ= τ − P I


The net surface force ∑ F = (∇ ⋅ σ + ρ f ) dv

(2.2)


Consider the right-hand side in equation 2.1 (mv ),t . Because we are following a moving
fluid element, the time derivative of the momentum represents a material derivative.

∂ ( ρ dv v ) 


(mv ),t
=
+ v ⋅∇( ρ dv v )
∂t

Assembling the left and right hand sides of the momentum equation,


∂ ( ρ dv v ) 

(∇ ⋅ σ +=
ρ f ) dv
+ v ⋅∇( ρ dv v )
∂t

Taking ∆v → 0 and dividing by dv,


∂v
 
ρ + ρ v ⋅∇v − ∇ ⋅ σ − ρ f =0
∂t

(2.3)

This is the momentum balance equation governing flow of viscous fluids and is known as
the Navier-Stokes equation for an unsteady, compressible, 3-D viscous flow in Lagrangian
form.
2.6.2. Mathematical Governing Equation for Elastic Material
Mechanical and thermal loads cause stress σ and displacement (or strain ε ) in a body.
Hooke’s law states that the strain of an elastic material ε is proportional to the Cauchy stress

σ applied on it with the proportionality constant representing the stiffness C of the linear
elastic material. Following similar steps as in deriving the governing equations of fluid flow,
the momentum balance equation in a linear elastic solid under a steady state condition is given
as (governing equation of elastostatistics)

9


∇ ⋅σ + f = 0

(2.4)

where, σ= C ⋅ ε (Hooke’s law)

σ is the surface stress tensor representing the state of stress of the linear elastic
material


f representing the body forces acting on the material (e.g. gravitational forces)
2.6.3. Mathematical Governing Equation for Mass Transport
In this section, we derive governing equation of mass transport due to both

advection/convection v and diffusion ∇C of the drug with concentration C . Considering an

infinitesimal fluid element in shown in Fig. 2.3.
Let, C ( x, y, z ) be the concentration of the drug being transported;
Change in concentration in time ∆t =∆C ; and

j be the flux of the concentration C across the infinitesimal volume in Fig. 2.3.

Concentration moving into the infinitesimal volume through the face baef in the x

 
direction in ∆t is given as jx (∆y ∆z ) ∆t where, jx= j ⋅ x represents the component of the flux


concentration j cross the face baef of the infinitesimal volume in the x direction. Amount of

concentration moving out of the volume through the face cdhg in the x direction in time ∆t is

given as jx ∆y ∆z ∆t + ( jx , x ∆x) ∆y ∆z ∆t .
∴ concentration change in the volume due to flux jx in time ∆t =− jx , x ∆x ∆y ∆z ∆t

Similarly,
Concentration change due to flux j y in ∆t =− j y , y ∆V ∆t
Concentration change due to flux jz in ∆t =− jz , z ∆V ∆t


In vector form, concentration change due to flux j in ∆t = −∇ ⋅ j ∆V ∆t
Let, f be the internal source or sink of the concentration C per unit mass.
Total internal source / sink in the volume in ∆t= ρ f ∆V ∆t .
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(2.5)

From the principle of conservation of mass, change in concentration in the infinitesimal
volume ∆V in time ∆t is equal to the change in concentration in the control volume due to

flux j .


ρ C ∆V = (−∇ ⋅ j + ρ f ) ∆V ∆t
ρ


∆C
= −∇ ⋅ j + ρ f
∆t

Taking limit ∆t → 0 ,

DC
= −∇ ⋅ j + ρ f
Dt

By Fick’s law, diffusive flux j =− D∇C where, D is the diffusion coefficient or

ρ

diffusivity.

ρ

DC
= −∇ ⋅ (− D ∇C ) + ρ f
Dt

Expanding the material derivative of the concentration in the left hand side and
substituting diffusion coefficient D = ρν where, ρ is the density and ν is the viscosity of the
drug; assuming viscosity ν as constant; and dividing by ρ ,
∂C 
(2.6)
+ v ⋅∇C −ν ∇ ⋅∇C − f = 0
∂t


where, v is the flow velocity. The term v ⋅∇C represents the mass transport due to

convection / advection. The term ν ∇ ⋅∇C represents mass transport due to diffusion.
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3. LITERATURE REVIEW
Methods available for simulating fluid flow can be used to model aqueous humor
dynamics. Smooth particle hydrodynamics (SPH) is a computational method developed by
Gingold and Monaghan in the field of astrophysics. [31] Randles, P., & Libersky, L proposed
significant improvements and changes to the SPH method. [32] During SPH simulation, fluid
domain is divided into discrete particles and the flow in the fluid domain is simulated by
considering interactions among these fluid particles. Particle interaction method is another
approach available for fluid simulation. [33] Traditionally, the governing equations of fluid
flow, structural dynamics and their interactions are solved using numerical procedures such as
finite difference, finite volume, and finite element methods. Fluid-structure interaction (FSI)
strategy has been employed for modeling aortic valves, [34] and arterial blood flow, [35]
among numerous biomedical applications. In this thesis, FSI method is used for modelling
aqueous humor dynamics in the anterior segment of the eye.
COMSOL Multiphysics is the commercial finite element software available for modeling
various coupled physical phenomena. In this thesis, we used the COMSOL Multiphysics
software for developing a coupled model of temperature distribution, pressure distribution,
structural dynamics, aqueous humor dynamics, and drug diffusion in the anterior segment of
the eye.

12

4. METHODS
Transport of pressure lowering drug Timolol Maleate from contact lens to ocular
structures (cornea, iris, and lens) in the anterior segment by diffusion and convective transport
of the drug in the anterior chamber due to aqueous humor dynamics were modeled as a
transport of diluted species in COMSOL Multiphysics 5.3. Ocular structures were modeled as
linearly elastic solids and the aqueous humor production, flow dynamics and outflow were
modeled as viscous fluid flow. The interaction between the ocular structures and aqueous
humor dynamics were modeled using a fluid-structure interaction model with no slip
boundary condition at the solid-fluid interface. Spatial distribution of aqueous flow dynamics
(velocity) obtained from the FSI model was coupled with a drug diffusion model to account
for convective transport and outflow of the drug through the trabecular meshwork. Both FSI
and drug transport were assumed to be axisymmetric and corneal limbus, the root of the iris
and the surface boundary of the lens and vitreous humor were considered as fixed boundaries
in the model. Aqueous humor production in the ciliary body was simulated as an inlet with a
mass flow rate of 5e-8 kg/s. We compared the spatial distribution of drug delivery to the
anterior segment for a period of 36,000 seconds with FSI and without FSI model. Drug
transport in the diffusion-FSI coupled model was compared to the transport characteristics of
the diffusion model with a reaction term alone for drug loss in the aqueous humor.
4.1.

GEOMETRIC MODEL
For geometrical modeling, geometrical parameters of the anterior segment presented in

Table 1 were obtained from Wang et al. [36] The anterior segment parameters were confirmed
using an axial scan (a-scan) of a porcine eye (ex vivo) using a spectral-domain optical
coherence tomography (SD-OCT, Heidelberg Engineering, GmbH). Fig. 4.1 shows the
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surface reflectance image of the porcine eye and the a-scan of the anterior segment acquired
using SD-OCT.
Table 1 Geometrical Parameters of the Anterior Segment of the Eye
Parameters
Value
Diameter of anterior chamber

13 mm

Maximum height of the chamber

2.63mm

Minimum radius of curvature of the posterior cornea 6.8 mm
Radius of curvature of natural lens

10 mm

Height of iris-lens channel

0.1 mm

Angle between cornea and iris

30°

Maximum height of iris

0.4 mm

Thickness of cornea

0.5 mm

Height of contact lens

0.1 mm

a) Picture of the corneal surface. Green line
indicates the location of the OCT scan
shown in b)

b) OCT scan showing the axial profile of
the cornea, iris, lens and the angle

Figure 4.1 Spectral domain optical coherence tomography (SD-OCT) ex vivo scan of the
anterior segment of a porcine eye
After confirming the geometric parameters from OCT imaging, a geometric model of the
anterior segment was created using Autodesk Inventor. The geometrical model was imported
into COMSOL, the domains for contact lens, cornea, iris, lens, aqueous humor, inflow
14

boundary and outflow boundary were assigned and further discretized for finite element
analysis (FEA). Fig. 4.2 shows the anterior segment geometry and the domain discretization
for FEA.

b) Domain discretization for
numerical analysis

a) Geometry

Figure 4.2 Geometric model of the anterior segment of the eye for physically based
modeling of aqueous humor dynamics and drug diffusion
4.2.

FLUID-STRUCTURE INTERACTION (FSI) MODELING OF AQUEOUS HUMOR
DYNAMICS
Aqueous humor dynamics in the anterior segment is due to production and flow of

aqueous humor in the posterior chamber, its outflow through the anterior chamber and its
interaction with lens, iris, and cornea. In this thesis, we modeled the dynamics of aqueous
humor flow using a fluid-structure interaction (FSI) model in COMSOL Multiphysics 5.3. In
the FSI model, the changes in the corneal, iris and lens structures were modeled using
governing equations of structural dynamics while simultaneously modeling the aqueous
humor flow using governing equations of fluid dynamics. Cornea, iris, lens and contact lens
were modeled as isotropic (material property identical in all directions) linearly elastic
materials and aqueous humor was modeled as an isotropic Newtonian viscous fluid.
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4.2.1. Modeling the Behavior of the Cornea, Iris, Lens and Contact Lens
Cornea, iris, lens and contact lens were modeled as isotropic linearly elastic materials. A
detailed development of the momentum balance equation governing the dynamics of linear
elastic materials is presented in Sec. 2.5.2. The equation governing the behavior and
dynamics of linearly elastic materials is given as [37]

∇ ⋅σ + f = 0

(2.7)

where, σ= C ⋅ ε (Hooke’s law);

σ is the Cauchy surface stress tensor representing the state of stress of the linear
elastic material;
C is a fourth order tensor with stiffness property of the material; and

f is the net body force acting on the material (e.g. gravitational forces)


Because the deformation or displacement field u ( x, y, z ) and strain ò are given with
respect to the reference configuration and Cauchy stress σ given with respect to the current
configuration or deformed configuration, second Piola-Kirchhoff stress S is used when there
is large deformation, and geometrical non-linearity. A deformation gradient tensor F is used
to relate the Cauchy stress tensor and the second Piola-Kirchholff stress tensor as follows.

Deformation gradient tensor F =∇u + I

(2.8)

Second Piola-Kirchhoff stress tensor S = J F −1σ F −T

(2.9)

where, J = determinant( F )

(

)

1 T
F F −I
2
1 

 
=
∇u + ∇u T + ∇u T ∇u
2

=
ε
Green-Lagrange strain tensor

(
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)

With initial second Piola-Kirchhoff stress S0 and initial Green-Lagrange strain ε 0 that
exists before the application of external forces, the stress-strain relation is given by the
Duhamel-Hooke’s law [38]:
S − S=
C : (ε − ε 0 )
0

(2.10)

In this study, we characterized the cornea, iris, lens and contact lens as isotropic linear
elastic material. This significantly simplifies the definition of the stiffness or elasticity tensor
C using only the Young’s modulus E and Poisson’s ratio ν of the materials as follows.

E
(1 −ν )
(1 +ν )(1 − 2ν )
1 − 2ν
E
C=
C=
C=
1212
2323
1313
(1 +ν )(1 − 2ν ) 2
C=
C=
C=
ν
1122
1133
2233
C=
C=
C=
1111
2222
3333

Cijkl = 0, otherwise

Table 2 Materials Properties of the Anterior Segment of the Eye
Young’s Modulus E Poisson’s ratio ν Density ρ
(Pa)
( kg / m3 )
Cornea

1.91e+7

.49

1143

Iris

270000

.49

100

Lens

3000000

.47

1143

0.3

1143

Contact lens 300000

While the Young’s modulus E relates the stress-strain behavior of a material, Poisson’s
ratio ν relates the material strain in different direction for an applied load. Material properties
of the structures in the anterior segment of the eye used for modeling aqueous humor
dynamics are presented in Table 2.
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4.2.2. Modeling Aqueous Humor Production, Dynamics and Outflow
A detailed development of the Navier-Stokes equation governing the viscous fluid flow is
presented in Sec. 2.5.1. In this study, we modeled aqueous humor as an isotropic viscous fluid
and its flow using Navier-Stokes equation as follows.







ρ v ⋅∇v = ∇ ⋅  PI + µ ( ∇v + ∇v T ) − µ∇v  + ρ f








2
3



(2.11)


with incompressibility condition ∇ ⋅ ( ρ v ) = 0
where, ρ is the fluid density in kg / m3

v is the fluid velocity in m / s
P is the fluid pressure in Pa

f is the body force per unit mass in N / kg

µ is the fluid dynamic viscosity in Pa − S
In the geometry shown in Fig. 4.2a, ciliary body domain was modeled as an inlet to
simulate the production of aqueous humor at a mass flow rate of 5e-8 kg/s and trabecular
meshwork modeled as an outlet with a relative outlet pressure of 0 Pa. The ambient
temperature was assumed to be 20°C. Limbus, trabecular meshwork, surface of the iris, iris
root, ciliary body and the anterior surface of the lens were assumed to be at 37°C.
A density of 996 kg / m3, heat capacity of 3997 J/kg/K, thermal conductivity of 0.578
W/m/K, dynamic viscosity of 0.001 Pa s, specific heat ratio of 1 and drug diffusion coefficient
of 5e-9 m2/s were used as the governing physical properties of the aqueous humor. [39]
The following boundary conditions were used for modeling the aqueous humor dynamics:
a) Cornea limbus, iris, root, lens is modeled as stationary boundaries
b) Fluid structure interfaces imposed no slip boundary condition. [36]
c) Ciliary body modeled as an inlet with a constant mass flow rate
d) Trabecular meshwork modeled as an outlet with a relative pressure of 0 Pa.
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The coupled “fluid-structure interaction” and “heat transfer in solids” physics in
COMSOL were used for modeling the temperature distribution, behavior of the ocular
structures, and aqueous humor dynamics.
4.3.

DRUG DELIVERY MODEL
A detailed development of the governing equations of mass (drug) transport is presented in

Sec. 2.6.3. The “transport of diluted species” physics in COMSOL was used to model the
transport of drug from the contact lens to the anterior segment. The influence of aqueous
humor flow characteristics on the drug transport was accounted by coupling “transport of
diluted species” with the “fluid-structure interaction” physics specifically by using the
velocity field solution obtained from the “fluid-structure interaction” physics for modeling the
convective transport of the drug in the “transport of diluted species” physics.
For simulation, the contact lens was loaded with Timolol with a concentration of 6.25e-5
mol/m3. The diffusion coefficients of various elements for Timolol in the simulation were
9.9e-13m2/s for the contact lens, 7.35e-11 m2/s for the cornea, 1.31e-10 m2/s for the iris and
5e-9 m2/s for the aqueous humor.
The coupled Multiphysics model was implemented in COMSOL. The simulation study
was conducted for a total duration of 10 hours assuming that the eye was in supine position.
The COMSOL study included two sequential steps: 1) a stationary step for fluid-structure
interaction and heat transfer physics, and 2) a time-dependent step for transport of diluted
species and heat transfer physics. In this thesis, the effects of the drug on the aqueous humor
production (in the inlet) were not modeled. Therefore, the fluid-structure interaction physics
was solved only for the stationary case.
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5. RESULTS

(b) Pressure field in the anterior chamber
and strain in the ocular structures
from the aqueous humor dynamics
FSI simulation.

(a) 2D axisymmetric fluid structure
interaction due to aqueous humor
dynamics.

(c) Temperature distribution in the
anterior chamber. Ambient
temperature: 20◦C; body
temperature: 37 ◦C.
Figure 5.1 Aqueous humor dynamics simulation as a fluid (aqueous humor)-structure
(cornea, iris and lens) interaction (FSI) model. (a) Stress in the ocular structures and flow
velocity, (b) pressure field and (c) temperature distribution in the anterior chamber are
shown.
Figure 5.1 shows aqueous humor dynamics in the anterior segment considering
temperature gradient and gravitational force in the model. Figure 5.2 and Figure 5.3 show the
spatial distribution of drug without and with explicit modeling of aqueous humor dynamics in
the anterior segment during drug delivery. It is apparent that accounting for aqueous humor
20

dynamics provided a more accurate spatial transport and distribution of the drug near the
outflow facility.

(a) Anterior segment Timolol
distribution at time 0 s

(b) Timolol distribution at time 7200 s.
Drug removal due to aqueous humor
outflow modeled with a diffusion
reaction term only (without FSI)

(c) Timolol distribution at time 21600s.
Drug transport with aqueous humor
dynamics modeled by coupling the
FSI model with the diffusion model

(d) Timolol availability over time in the
whole body of aqueous humor, near
outflow and near inflow

Figure 5.2 Timolol distribution in the anterior segment without accounting for the aqueous
humor dynamics.
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(a) Anterior segment Timolol
distribution at time 0 s

(b) Timolol distribution at time 7200 s.
Drug removal due to aqueous humor
outflow modeled with a diffusion
reaction term only (without FSI)

(c) Timolol distribution at time 21,600 s.
Drug transport with aqueous humor
dynamics modeled by coupling the
FSI model with the diffusion model

(d) Timolol availability over time in the
whole body of aqueous humor, near
outflow and near inflow

Figure 5.3 Timolol distribution in the anterior segment accounting for the aqueous humor
dynamics with a fluid-structure interaction model

Maximum von Mises stress was observed in the central cornea and at the inner boundaries
of the iris as shown in Fig. 5.1a. Similarly, maximum structural displacement was observed
near the inner boundaries of the iris as shown in Fig. 5.1b. Maximum relative pressure was
observed near the lens surface and near the trabecular meshwork.
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Pattern of the drug distribution in the anterior chamber while accounting for aqueous
humor dynamics shown in Fig. 5.3b was significantly different from the pattern of the drug
distribution without accounting for the aqueous humor dynamics shown in Fig. 5.2b. While
accounting for aqueous humor dynamics, the drug concentration near the ciliary body during
the 10-hour simulation was very low (Fig. 5.3c) when compared to the simulation of drug
transport in the anterior chamber without considering the aqueous humor dynamics (Fig.
5.2c). This observation is expected because of the constant flow of aqueous humor through
the narrow iris-lens channel reduces the concentration of the drug diffusing through the cornea
reaching the ciliary body.
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6. CONCLUSION
Lowering intraocular pressure is the only effective treatment for managing glaucoma at
present. The bioavailability of the pressure lowering drugs that are topically administered is
lower because most of the drugs are removed by the tears and blinking. Therefore, contact
lenses soaked with pressure-lowering drugs are suitable for sustained delivery of drugs to the
eye. In this thesis, we have developed a computational model of drug delivery to the anterior
segment of the eye while considering the effects of aqueous humor dynamics on the drug
distribution. The coupled FSI-diffusion model accounting for aqueous humor dynamics
provided a more accurate spatial transport and distribution of the drug. The presented model
may be useful to more accurately model and study various ocular drugs and their delivery to
the anterior and posterior segment of the eye.
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8. APPENDIX
8.1.

INDEX NOTATION
Index notation allows for a more compact representation of vector, matrix and tensor

quantities, and calculus operations on these quantities. A brief review of the index notation is
presented below.
1. Free index or connecting index:

A vector v can be represented using a free index i , where i= 1, …, n and n is the

 
number of space dimensions. For example, v = k with v ∈  3 can be represented as
vi = ki for i = 1, 2,3 .
2. Unit vector:

δ i . represents a unit vector with a value of one at location i and zero elsewhere
3. Repeating index or dummy index:
Any index repeating more than once represents a summation over various possible

values of the index. For example, any vector v can be represented as a linear



combination of unit vectors δ i as v = viδ i .
4. Kronecker delta:
 
δ ij= δ i ⋅ δ j

1, i = j
=
0, i ≠ j

5. Gradient operator ∇ on a scalar field f ( x1 , x2 ) and vector field u ( x1 , x2 ) :
 ∂
δi
f ( x1 , x2 )
(a) ∇f ( x1 , x2 ) =
∂xi
 ∂
 ∂
= δ1
f ( x1 , x2 ) + δ 2
f ( x1 , x2 )
∂x1
∂x2
 ∂f

 ∂x ( x1 , x2 ) 

= 1
 ∂f

 ∂x ( x1 , x2 ) 
 2
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 ∂ 

δi
δ ju j
(b) ∇u ( x1 , x2 ) =
∂xi
 
∂u j  
=
δ i δ j , where, δ i δ j represents dyadic or outer product of two vectors
∂xi
 ∂u1
 ∂x
= 1
 ∂u1

 ∂x2

∂u2 
∂x1 

∂u2 

∂x2 


6. Divergence of a vector v :
 ∂ 

⋅δ jv j
∇ ⋅ v = δi
∂xi

=
=
=

∂v j
∂xi

δ ij

∂vi
, since δ ij = 0 when i ≠ j
∂xi
∂v1 ∂v2
+
∂x1 ∂x2

7. Laplacian operator of a scalar field f ( x1 , x2 ) :
∇ ⋅∇f ( x1 , x2 ) = ∇ 2 f ( x1 , x2 )
 ∂  ∂
f ( x1 , x2 )
= δi
⋅δ j
∂xi
∂x j
 
∂2 f
(
,
),
since
0 when i ≠ j
x
x
δ
=
=
1
2
i ⋅δ j
∂xi2
∂2 f
∂2 f
( x1 , x2 ) + 2 ( x1 , x2 )
=
∂x12
∂x2

8. A second order tensor Τ can be represented using the dyadic product as follows:
 τ 11 τ 12 τ 13 


Τ =
τ 21 τ 22 τ 23 


 τ 31 τ 32 τ 33 
= τ ij δ i δ j
= τ ij δ i ⊗ δ j
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9. Tensor-vector dot product:


τ ij δ i δ j ⋅ vk δ k
Τ=
⋅v
= τ ij vk δ i δ jk
= τ ij v j δ i
10. Tensor product:

τ ij1 δ i δ j ⋅ τ kl2 δ k δ l
Τ1 ⋅=
Τ2
= τ ij1τ kl2 δ i δ l δ jk
= τ ij1τ 2jl δ i δ l

11. Tensor double dot product:
Τ1 : Τ2

=
τ ij1 δ i δ j : τ kl2 δ k δ l
= τ ij1τ kl2 δ jk δ il
= τ ij1τ 2ji
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